In this short note we define a new cohomology for a Lie algebroid A, that we call the twisted cohomology of A by an odd cocycle θ in the Lie algebroid cohomology of A. We proof that this cohomology only depends on the Lie algebroid cohomology class [θ] of the odd cocycle θ. We give a few examples showing that this new cohomology encompasses various well-known cohomology theories.
Introduction
Lie algebroids are objects in differential geometry that generalize both Lie algebras and tangent bundles of smooth manifolds (see the definition 1.2). They appear in many situations, ranging from classical geometric classification problems (see [FS08] for instance) to Poisson geometry (see [Mar08] ) and foliations (see [MM03] ), but not exclusively. Importantly, a Lie algebroid is the infinitesimal version of a Lie groupoid (see [Pra67] ). To any Lie algebroid is associated a cohomology algebra, which is a generalization of both the Chevalley-Eilenberg cohomology of a Lie algebra and the De Rham cohomology of a manifold. After reviewing some definitions in section 1, we define in section 2 a new cohomology, that we will call the twisted cohomology of a Lie algebroid, using an odd differential form θ that is d-closed, where d is the differential of the usual Lie by [u, v] x = [u x , v x ] g for all u, v ∈ Γ(A) and x ∈ M . This bracket is C ∞ (M )-bilinear since
for all u, v ∈ Γ(A), f ∈ C ∞ (M ) and x ∈ M . Therefore, A → M equipped with the null anchor and the bracket we just defined is a Lie algebroid. Lie algebra bundles are studied in detail in [Mac05, section 3.3] and [Gü10] .
Example 1.7: Let M be a manifold. On the tangent bundle T M → M of M , there is a natural Lie algebroid structure given as follows. The anchor is the identity vector bundle morphism T M → T M , and the bracket on Γ(T M ) = X(M ) is the Lie bracket of vector fields on M (see [Lee13, chapter 8] ). This Lie algebroid will be called the canonical Lie algebroid on M , and will be denoted by T M .
Example 1.8: Let M be a manifold and A → M be an involutive distribution of T M → M (see [Lee13, chapter 19] ). Note that according to the global Frobenius theorem [Lee13, theorem 19 .21], this distribution comes from a foliation of M . The vector bundle A → M is equipped with a Lie algebroid structure as follows. The anchor is the inclusion map A ֒→ T M , and the bracket is the Lie bracket of vector fields on M restricted to Γ(A), which is well-defined thanks to the involutivity of the distribution. 
for all α, β ∈ Ω 1 (M ). Then the Jacobi identity for this bracket is equivalent to the identity [π, π] SN = 0, where [·, ·] SN denotes the Schouten-Nijenhuis bracket (see [LGPV13, section 3.3] ). We will denote by P M [π] this Lie algebroid. Example 1.10: Let M be a manifold and let (g, [·, ·] g ) be a Lie algebra acting (infinitesimally) on M through a Lie algebra homomorphism ρ : g → X(M ). The trivial vector bundle M × g can be equipped with a Lie algebroid structure (called an action Lie algebroid, see [Mac05, example 3.3.7] ). The anchor is defined by a((x, ξ)) = ρ(ξ) x , for any x ∈ M and ξ ∈ g. The bracket is defined
where the dot · in the right hand side denotes the component-wise action of a vector field. 2] ). Let G be a Lie group and π : P → M be a principal G-bundle. Let dπ denote the quotient map T P/G → T M . Taking dπ as anchor and the Lie bracket of (G-invariant) vector fields on the manifold P as bracket, the vector bundle T P/G → M is a Lie algebroid, called the Atiyah Lie algebroid associated to π : P → M . It is obtained by differentiation from the Ehresmann gauge groupoid associated to the same principal G-bundle (see [Kub89] and the references within).
Cohomology of Lie algebroids
We now turn to the definition of Lie algebroid cohomology. 
for all u 0 , . . . , u p ∈ Γ(A) and any α ∈ Ω p (A); where a(u i ) · α(u 0 , . . . , u i , . . . , u p ) denotes the action of the vector field a(u i ) on the function α(u 0 , . . . , u i , . . . , u p ).
The following proposition is a particular case of [Mar08, proposition 5.2.3, point 2]. 
Lemma 1.15: Let
there is a cup product that gives H
• (A) the structure of a graded commutative algebra.
Proof: The cup product comes directly from the wedge product on Ω
is a derivation according to proposition 1.13. Also, the cup product does not depend on the choice of representation for the cocycles since, according to proposition 1.13 again, we have
A detailed study of the cohomology of Lie algebroids, and especially the relationship between the cohomology of a Lie groupoid and the cohomology of its associated Lie algebroid, is available in [Mac05, chapter 7] . We only explore below some simple examples. 
Representations of Lie algebroids
The subject of this section is representations of Lie algebroids, which allow to consider coefficients in Lie algebroid cohomology.
) be a Lie algebroid and V → M be a vector bundle. We will denote by Ω
The following result is immediate. Proposition 1.21: Let A be a Lie algebroid on a manifold M , and V → M be a vector bundle.
• (A) and s ∈ Γ(V ). 
Similarly to the covariant exterior derivative of a manifold equipped with a (linear) connection (see [Lee09, theorem 12 .57]), there is a similar operator for Lie algebroids equipped with a representation, whose existence is guaranteed by the following proposition.
) be a Lie algebroid, and let ∇ be a A-connection on a vector bundle V → M . There exists a unique operator
for any α ∈ Ω p (A) and s ∈ Γ(V ); it is then extended to the whole
The operator d ∇ introduced in the previous proposition admits an intrinsic formula given by
The following result comes from the definition of a Lie algebroid connection.
) be a Lie algebroid, and let ∇ be a Aconnection on a vector bundle
Definition 1.26: Let A be a Lie algebroid on a manifold M , and let ∇ be a Aconnection on a vector bundle V → M . The 2-differential form F ∇ introduced in the previous lemma will be called the curvature of the A-connection ∇, and we will say that ∇ is flat if F ∇ = 0.
The following lemma is immediate. Lemma 1.27: Let A be a Lie algebroid on a manifold M , and let V → M be a vector bundle. Ω
• (A, End V ) is a Z-graded R-algebra for the multiplication defined by
) be a Lie algebroid, and let ∇ be a A-connection on a vector bundle V → M . We have the formula
Proof: To begin with, we have for any ω ∈ Ω 1 (A, V ) that
for all u, v ∈ Γ(A). Then, let s ∈ Γ(V ), the above formula for ω = ∇s ∈ Ω 1 (A, V ) yields
for all u, v ∈ Γ(A). Now we prove the formula for any simple tensor α ⊗ s ∈ Ω p (A, V ). According to (1.1), we have
where in the last step we used the fact that F ∇ is a 2-differential form on A. The general formula holds for any element of Ω
• (A, V ) using R-linear combinations of simple tensors. Proof: The multiplication is directly induced by the one defined in the proposition 1.21:
, for any α ∈ Ω p (A) and ω ∈ Ω q (A, V ). According to (1.1), it is clear that α ∧ ω is again d ∇ -closed. Also, the multiplication is well-defined, since, using (1.1) again, we have 
Example 1.33: Let A be a Lie algebroid over a point M , that is, a Lie algebra g (see example 1.5), that we will assume to be of finite dimension. Let (V → M, ∇) be a A-module. Since M is a point, V → M is actually a vector space that we will denote again by V . Then, the A-connection ∇ is a linear map V → g * ⊗ V . Using the linear isomorphisms
we deduce that, to consider a linear map V → g * ⊗ V is equivalent to consider a linear map ρ : g → V . Moreover, this map ρ is also a Lie algebra homomorphism thanks to proposition 1.25. Therefore, in this case, a A-module (V → M, ∇) corresponds to a g-module (V, ρ). The covariant exterior derivative is the Chevalley-Eilenberg differential on g associated to the g-module V (see [CE48,  
Note that this connection is flat because ρ : g → Γ(T M ) is a Lie algebra homomorphism. We have
and we also have an isomorphism of chain complexes 
Twisted cohomology of Lie algebroids
In this section, given a Lie algebroid A and an odd cocycle θ with respect to the cohomology of A, we define a new cohomology, that we will call the twisted cohomology of A by θ. We show that it only depends on the cohomology class [θ] of θ (in the Lie algebroid cohomology of A). Then we explain how this new cohomology encompasses several cohomology theories that appear in the literature.
Definition of the twisted cohomology
Definition 2.1: Let A be a Lie algebroid on a manifold M . Define
The elements of Ω even (A) are called even differential forms on A and elements of Ω odd (A) are called odd differential forms on A.
• (A) with a Z/2Z-graduation, induced by the Z-graduation. We extend this Z/2Z-graduation to Ω
• (A, V ) as soon as we are provided with a representation (V → M, ∇) of A, M being the base of A. Definition 2.2: Let A be a Lie algebroid on a manifold M , (V → M, ∇) be a representation of A, and θ ∈ Ω odd (A). The exterior covariant derivative of A, relatively to (V → M, ∇), twisted by the odd differential form θ, is the operator
This operator appeared in [GrMa03, section 3] and [IM01, section 3.1]. Note that, since θ is odd, the operator
Lemma 2.3: Let A be a Lie algebroid on a manifold M , (V → M, ∇) be a representation of A, and θ ∈ Ω odd (A) be a d-closed odd differential form on A, where d denotes the differential of A (see definition 1.12). Under these assumptions, the operator d ∇ [θ] is a differential on the Z/2Z-graded R-vector space Ω
• (A, V ).
But d 2 ∇ ω = 0 since ∇ is a flat connection (see the definition 1.29). Also θ ∧θ = 0 since θ is odd. Indeed, write i≥0 θ 2i+1 for θ, with θ 2i+1 ∈ Ω 2i+1 (A). Then θ 2i+1 ∧ θ 2i+1 = 0 for any i ≥ 0 and θ 2i+1 ∧ θ 2j+1 = −θ 2j+1 ∧ θ 2i+1 for all i, j ≥ 0 such that i = j. This implies that θ ∧ θ = 0. Using the same decomposition for θ again, the above formula yields
which equals zero since d ∇ θ = dθ = 0, θ being assumed to be d-closed. 
so the multiplication makes sense, that is we obtain a cocycle. But we also need to show that the multiplication is well-defined, that is it doesn't depend on the choice of representative. Thanks to the identity (1.1) again, we compute for all
Therefore we obtain
which yields the result.
Independence from the cocycle cohomology class
We can now state the main theorem of this note. 
, provided that we can define exp(−Ψ). Thus, the isomorphism should be ω → exp(Ψ) ∧ ω, for any ω ∈ Ω • (A, V ). Now we formulate a rigorous proof. Define exp(Ψ)| x = k≥0 Ψ ∧k |x k! , for any x ∈ M ; this series converge because exterior powers are known to vanish when the rank of the vector bundle is exceeded. For all real numbers s and t we have that exp(sΨ) ∧ exp(tΨ) = exp((s + t)Ψ) thanks to Newton's binomial theorem; in particular for s = 1 and t = −1 we get that the map ω → exp(−Ψ) ∧ ω is the inverse of the map ω → exp(Ψ) ∧ ω. Moreover, Ψ being even, the map ω → exp(Ψ) ∧ ω is even, that is, maps
which has for consequence that ε = exp(Ψ) ∧ · induces a R-linear isomorphism of Z/2Z-graded vector spaces in cohomology. Furthermore, it is also an isomorphism of graded
. Indeed, we compute that
where Γ is defined by
The following corollary is directly deduced from the previous proposition. 
Examples of twisted cohomologies
In this last section, we show that the twisted cohomology of a Lie algebroid A by an odd cocycle can been found in various places of the literature. Example 2.10: Let g be a Lie algebra, (V, ρ) a g-module and θ an element in Λ
• g * of odd degree, d CE -closed. Then the H CE (g)-module H • (g; V, ρ; θ) only depends on the Chevalley-Eilenberg cohomology class [θ] ∈ H CE (g). This situation arises when one applies the example 2.8 to a compact simply connected Lie group (see [CE48] ).
